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Diffusion Effect of p-Laplacian Operators

Mao-Sheng Chang Shu-Cheng Lee  Chien-Chang Yen'

Department of Mathematics, Fu Jen Catholic University, Taipei, Taiwan

Abstract

We investigate the diffusion effect of pLaplacian operators by
numerical studies of de-noising images, phase transition diffusion systems.
and spike-Layers in diffusion systems. For p = 2 it is the traditional
Laplacian operator and the diffusion is global homogeneous. The other
cases, p > 2. are local homogeneous.

For de-noising images, the diffusion effect of p-Laplacian operators is
decreasing as the value p is increasing. For phase transition diffusion
system, the result is consistent to the de-noising images and the fact is also
used to explain the mechanism for de-nosing images. In the contrast to the
previous two cases, the spike waves could propagate farther away from the
origin when p s larger for spike-Layers in diffusion systems.

Keywords : p-Laplacian operators, de-noising images, diffusion, spike-

Layer
Section 1. Introduction

The p-Laplacian operator is defined as

Au=V. Q|VUH"*V u]

' Corresponding author: Tel :886-2-2905-3547
Fax:886-2-2904-4509
E-mail address: yen@math.fju.edutw
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with p# 2 can be used in non-Neumann fluids, in some reaction-diffusion problems as well as
in flow through porous media [3]. The motivation is risen from [2]. which remarks that the
relation of kinetic and potential energies by Young’s inequality. To study the diffusion effect of
pLaplacian operators is an essential work for the goal in the near future. The strategy of
probing the diffusion effect is by investigating the behaviors in three topics: de-noising images,
phase transition diffusion systems, and spike-Layers in diffusion systems.

The corresponding numerical schemes are as the follows: A simple forward explicit Euler
method is used for de-noising images. For large diffusion coefficients, the explicit methods
often encounter the numerical instability. We have to discrete the phase transition systems by an
implicit approach and similar for the case of spike-Layers in diffusion systems. However, if the
diffusion coefficients are too large, it still requires advanced studies.

This paper is organized as the following: de-noising images by p-Laplacian operators in
section 2, phase transition diffusion systems in section 3, spike-Layers in diffusion systems in

section 4, and section 5 gives the conclusion and discussion.

Section 2. De-nosing images by p-Laplacian operators

An image is a collection of curves with equal values. Total variation (TV) method is known
as for de-noising and edge-preserving effect. p-Laplacian operators are regarded as a
generalization of the TV method by taking a general L norm of the gradients instead of the Z,

norm. Consider an image {/ on the domain (2 and the total energy

EU)= J;”v ul’, p=1.

n

The case of p = 2 represents the functional as traditional energy. Minimizing the energy £
among suitable function spaces with appropriate boundary conditions gives the Euler-Lagrange

equation
v.(vu|vu)=o.

A dynamical system is obtained by a direct approach
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U, =v-(vu|"vu)

U©)=U,.

The numerical method is the simplest explicit forward Euler method

»

uz D '(”D.Uu“

DU, ,)
At

where D~ and D~ are the backward and forward difference operators in both directions.
respectively.

A noisy Lena image is produced by the origin with one-third standard deviation noise and
is used as the initial data for investigating the diffusion effect. The updating increment is less
than 10% compared with the maximum intensity of the image. The number of evolution is 100.
Figure 1 shows us the global homogeneous diffusion coefficients quickly blur the images. To
observe the high qualities can compare the details on hair and eye-lash. The local homogeneous
cases are p=3.4. /0. It gives that the best effect for de-noising is the case p=10.

The shown example is an unconstraint approach. An extra condition, so called variance

constraint has been used to obtain the better quality, that is,

I'= J%(U UV =5

ks

The corresponding Euler-Lagrangian equation obtained by Lagrangian multiplier becomes

vV v ) A -u,)=o.
(v- (vovulw- U,))

lv-v.f

A=—

where (0.-> denotes the inner product given by
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and [U| =(U.U). The results are shown in Figure 2.

Figure 1. The profiles at the top row are the origin (left) and the one with one-third standard deviation
noise (right). The second and last row from left to right are for p=2,3,4,710.
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Figure 2. The top-left profile is the origin with noise. The top-right is for p=3. The bottom profiles are
p=4(left) and p=70(right). These results show the case of variance constraint.

The advanced approach [4] has represented p-Laplacian operators as Gauge coordinates are
locally set such that the v direction is tangent to the curve of an edge and the w direction points
in the direction of the gradient vector. The purpose of this paper is rather to see the p-Laplacian
diffusion effect than to compare the results between the above two methods. The next section is
to study phase transition diffusion in one dimension and the result could be used to explain the

mechanism of the de-noising process.

Section 3. Phase transition diffusion

In paper [2], we have shown the existence of minimizer and gamma-convergence of

generalized Allen-Chan functional

p}dx, forall p>1,e>0

E ()= j{W(U(X)) + EHVU(X)

with Neumann boundary condition and the mass constraint
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Iu(.\'}d\' =m| 2| where O0<m<l.
e
For p=2 the method of Gamma-convergence was introduced by De Giorgi in the early
1970. Modica and Mortola proved it in 1970. In 1987 [5], Modica has applied the Gamma-
convergence theory to solve the minimal interface problem in the Van der Waals-Cahn-Hilliard
theory of phase transitions. In the process of proof in [2], it indicates the relations of the
potential and kinetic energies through Young's inequality. The Euler-Lagrange equation for

Allen-Chan functional is

W'u(x))

£PV - Q|V u(x)| "":\711(,\’))= 0. forall xe 2.
q

11 ; - g ; .
where —+—=1. Now, we would like to see the effect of diffusion and the one-dimensional
p g

problem considered here.
u =Au—f(u), where [f(u)=W'u)

u(x0)=u,(x). xel[0]]
The implicit scheme is used for p-Laplacian operators and the explicit scheme for evaluation of

reaction function.

T L
—(u)]) in[0,1]x(0,x)

=2
. s + o i+l t oyl
ul' —u ”D uA| D u; —HD iy,

At (Ax)’

The initial data is assumed there are two positive sine waves.
u,(x)=2sin(57(x =0.2)) 7142 0.4 (x) +105mM(2007(x —0.8)) 75 0 505 (¥)

The narrow one can be regarded as the noise and the wider one as real signal. The number of
grid points is 512 and the stop time is 0.01. The fast diffusion is the global homogeneous, that
is, p=2. (see Figure 3). The phase transition effect is shaper as large p. This case also indicates
us the mechanism of de-noising because the noise diffuses quicker than the real signal and the
edge-preserving is well for real signal. It seems that the p-Laplacian operator has been
understood well. Now, we investigate the spike-Layers in diffusion systems to demonstrate the

result is reverse in next section.
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Section 4. Spike-Layers in Diffusion System

A spike-Layers in diffusion system has been introduced in [6]. Here, we generalized p-
Laplacian operator from Laplacian operators and it is described as
U =dAU-U+U’ IV in £2%(0,)

tV, =d, AV -V +U" 'V’ in 2x(0,%)

oU oV %
—=0=—, on 0£2x(0,%)
on on
10 ]
; |
s |
7
6
5
|
4
3
2 N
! N
Y GO
! e\
ok ! ’!," Ay T s ey
0 02 04 06 0.8 1

Figure 3. The initial data (solid line) consists of sine waves. The dashed line is for p=2and it is the most
diffusive. The dash-dot and dotted lines are for p=3 and p=3, respectively. The result

demonstrates that the noise signal decays fast and real signals becomes sharp for large p.

where d|,d,.a.b. r,tare all positive constants and s is a non-negative constant with

0< a-1 <
b s+1
The spike-Layers in diffusion system is isolated due to the Nuemann boundary conditions.
The solutions quickly become smooth and converges to a constant as time tends to infinity for
the case p=2. We also believe the same results for general case p>/, but it is required the further
investigation.

In order to develop the numerical simulation, we observe the stable kinetic system
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U, ==U+U"IV" in 2x(0,0)
V. ==V +U"/V" in £2x(0.x)

with the steady state ({/,V)=(1,1). See below Figure 4. The diffusion coefficients &, is small
and a"2 is large. The steady state (I, V)=(/.1) becomes unstable and bifurcation. Such
phenomenon is called Turing’s diffusion-driven instability. The large diffusion coefficient is
difficult for numerical explicit method, We employ the implicit numerical scheme to solve the

spike-Layers system in one dimension. The numerical method is introduced as the following

Stable System

Figure 4. A stable kinetic system with steady state (T, V)=(7,1). There are three initial data (T, V)=(2,2),
(1,2)and (0.5,0.5) corresponding to the red, blue and black line.

p

v v o “pur-lpuL|T oo
At ‘ (Ax)?
U+ (v.") in[0]1]x(0.%)
ve-ve e “pve-|pve
At : (Ax)?
-V, "+ (U, (V.Y in[0]1]x(0,)

5

-8 e

P

T

The numerical solution is for the activator U with d, =0.0001, d,=10, a=2b=1,

r=2,5=0,7=0.7. Then the initial data is given
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I.1-x 0<x<0.1,

and V(x,0)=1,0<x <.
1, 0.1<x <1,

U(x.0)= {
The number of grid is 512. The numerical result p=2is the same as the paper [6], but the
location is different. These results show that the decay of the case p=is faster than p=2.5 (see

Figure 5.) and the spike waves can go far away from the origin for p=2.5.
Section 5. Conclusion and Discussion

This paper has investigated diffusion effect of p-Laplacian operators in de-noising images.
phase transition diffusion systems, and spike layers in diffusion systems. We conclude that the
behavior of diffusion of the p-Laplacian operators is quite different for p=2 or p>2. The reason
is that the case p=2 means that the global homogeneous diffusion and p>2 means that the local

homogeneous diffusion coefficients. The global homogeneous diffusion will diffuse fast.

2 B H Y 8 &

gl 2l AR

o w

R S

Figure 5. The top-left profile shows the solution on space and time and the top-right is the peak of the
solution at Uf0,t), where 0<=t<=20 for the case p=2. The corresponding results for p=2.5 are
shown in the bottom. The result demonstrates that the spike wave can propagate farther away.
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The phase transition diffusion system demonstrates the same behavior as the de-noising
images. The noise signal diffuses faster than the real signals. It may be employed this
observation to explain the mechanism of the de-noising images. For large p, it is more suitable
for de-nosing.

Spike-Layers in diffusion system shows the spike waves with p>2 can propagate farther
away from the origin than the one with p=2. In this case. the spike wave with p=2 can grow
higher than the cases with p>2. It is not always consistent to the observation in de-noising
images and phase transition diffusion systems. The reason could be the interaction of kinetic
system and diffusion system. In this case. the results are more complicated than the previous
one.

Numerical simulations are the explicit scheme for small diffusion and implicit scheme for
large diffusion coefficients. The spike-Layers in diffusion system can provide an opportunity for
us to study deeply. The difficulty for numerical simulations is the case p for being large enough.
Therefore, the theoretical approaches are also used to probe the effect of p-Laplacian operators.

Finally, for the case 1< p<2 not considered here, the reason is that the direction of
diffusion process is from the condense region to other regions. On the other case of infinity, the
p-Laplacian operators will become infinity Laplacian operator as the value p tends to infinity in

the viscosity sense [1].
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Computational Algorithms for Estimation of Fatigue Life
under Random Loading

Horng-Yith Liou' and Lung Tsai

Dept. of Mechanical Engineering, Ching-Yun University, Zhong-Li, Taiwan

Abstract

This article is primarily centered on the derivation of mathematical
formulas that can be used for the prediction of fatigue life under the
fluctuating load of random nature. By the incorporation of random vibration
theory as well as Morrow’s nonlinear damage rule into the traditional S-N
relationship, a key mathematical formula can thus be generated. Through the
adequate handling of this formula, more compact computational algorithms
can be induced subsequently. With a view to determining the maximum stress
needed in applying the necessary formula, either Gumbel’s asymptotic theory
of statistical extremes or Lambert’s empirical assumption is included. The
accuracy of all computational algorithms for the prediction of fatigue life
under random loading is surveyed by the experimental data of a batch of
specimens made of 7075-T651 aluminum alloy. Aside from the above, the
fatigue reliability assessment is made, where the parametric model is under
study. Finally, some conclusions are drawn about the feasibility of derived
formulas, the effects of parameters on the accuracy and the important role that

the reliability assessment plays in life prediction.

Keywords :atigue life, Damage accumulation rule, Random vibration,

Reliability.

' Corresponding author: Fax:+886-3-468-3301.
E-mail address: hyliou@eyu.edu.tw
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1. Introduction

Research on fatigue under the fluctuating load of random nature has become an utmost
important issue since this type of fracture mode frequently caused catastrophic damage in the
real engineering applications. As is often the case with theoretical handling of the fatigue issue.
the establishment of mathematical models has led to lots of ready-to-use formulas for the life
assessments. Those often applied for the above purpose include random vibration theory,
damage rules, and so forth. Random vibration theory (Crandall, 1963; Lin, 1973; Newland,
1993) has been introduced for the past several decades to tackle all kinds of vibration behavior
when random nature is taken into account, the application of which on fatigue has made life
prediction to be of the important concern in almost any random vibration book. Among the
fatigue damage rules, two most frequently used are the linear rule (Miner, 1945) and nonlinear
plastic work interaction rule (Morrow, 1986). The distinction between them is that Morrow’s
rule modifies Miner’s rule by multiplying a given stress level's cycle ratio damage term by a
nonlinear factor to accommodate the sequence or memory effect originating in overloads or
overstrains during a variable-amplitude loading history. Furthermore, Lambert (Lambert, 1988)
has extended Morrow’s plastic work interaction damage rule to the case of a continuously
distributed random stress history as usually considered in many random vibration books.
Suppose the necessary statistical/probabilistic properties of different types of random load are
known beforehand, the expected fatigue life can be estimated based on formulas derived by the
combination of theories/rules stated above.

The present paper focuses on the derivation of a “key formula”, from which formulas of
fatigue life prediction under the random loading are generated. Gumbel’s asymptotic theory of
statistical extremes and Lambert’s empirical assumption are herein proposed to determine the
maximum stress during the loading history. A batch of test specimens made of 7075-T761
aluminum alloy has been used for the fatigue experiment to verify the applicability of the
derived algorithms. Besides, in order to make the full use of the experimental life data, the
reliability assessment that involves parametric investigation is to aid in obtaining further

information.
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2. Model Establishment

2.1 Prediction of Fatigue Life

In the present study. the main framework is constructed on the basis of S-A relationship

(Bannantine et al., 1990), which is expressed in the following form
Nal=(, (D

where o is constant-amplitude stress. N, represents the fatigue life at the stress level o,
and pand Care fitting constants.
In a variable-amplitude stress condition, according to Morrow’s plastic work interaction

rule, the fatigue damage done by the stress of amplitude o, can be written as

L

Y g)“. ()

in which o, is the maximum stress amplitude in the stress history considered, n, is the
number of stress peak at level o, . N, is the number of stress peak to cause failure it constant
amplitude o, is considered, and d is Morrow’s plastic work interaction exponent. The
exponent can be elucidated as the material’s sensitivity to the variable-amplitude stress history.
From eq. (2), if all different cyclic stresses are taken into account, the cumulative fatigue

damage becomes

p=%D=Y ]:; (L)t (3)

o

i m

where the fatigue failure occurs when the damage index D reaches unity. If the exponent dis
chosen to be zero, the above nonlinear damage rule can be reduced to the famous Miner’s rule,

i.e.
N
D= iy 4
Z N, 4

In accordance with random vibration theory, under a narrow-band process. the expected

total fatigue damage of a component in time 7°can be estimated by the following integral
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pla) )4

E[D(M))=v.T S
[D(T)]=v, N () o, (5)

in which £[«] is the expected value of the bracketed quantity, v, is the expected number of the
zero up-crossing rate which can be considered as the expected number of stress cycle per unit
time for a narrow-band random process, p(o) is the probability density function of stress
amplitudes, and N, (o) is now distributed as a function of stress amplitude.

According to random vibration theory. if the stress history is a zero-mean, narrow-band
Gaussian random process, then the probability density function of the stress amplitudes is

distributed in Rayleigh form

ploy=—2 wm>26,>o>o 6)

s mis

in which ¢ is the standard deviation of the random stress process (but not stress

ms

amplitudes). Substitution of eqs. (1) and (6) into eq. (5) yields the following equation

|.7-| . d I 7
VI o7 exp(-—2—)do . (7)

ms m s

E[D(T)]=

The integration in eq. (7) is performed from zero to infinity, which includes all possible
values of the stress amplitude. However, it is by no means the real case.

When experimental fatigue tests are performed in the laboratory, a clipping stress is usually
assigned for the generated random loading history so as to protect the test machine. Under this
circumstance, the clipping stress becomes the maximum stress amplitude in eq. (7) and. when
the numerical integration is carried out, all stress amplitudes exceeding the maximum stress

should be treated as the maximum stress. Therefore, eq. (7) should be modified as

T ,
Eww)"(fjnwﬂ 9 i1,y + 2l w&”dﬁmﬂﬂfﬂ)ﬂmﬂpﬂw

H‘

in which p=¢./2c. , and the special functions /7 and y represent Gamma and

mis *
incomplete Gamma functions, respectively.

The above eq. (8) is named “key formula™ in the present study, which not only can
encompass a number of analogous formulas derived by past researchers but also can, to a certain

extent, improve the accuracy of prediction.
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R=Stntz )

When Morrow’s plastic interaction exponent is selected to be zero, the expression of eq. (8)

becomes
E[D(T)]= % (ﬁdw )")f(g +Lp)+ % ol exp(-p). (9)

Eq. (9) is a special case in which Miner’s rule is considered.

The term v, 7T in eqs. (8) and (9) is hereafter replaced by A, which indicates the number
of stress cycles. While the expected total damage at the left-hand side of these two equations
reaches unity, the unknown N can be thus solved for the prediction of fatigue life.

So far. a significant problem has arisen from how to determine the clipping stress. One way
is based on Gumbel's asymptotic theory of statistical extremes. According to Gumbel, the
probability distribution of the largest value among a sequence of N identically distributed
random values can be determined by the theory of standard order statistics. In the problem under
current consideration, let o,. &,, ... and o, be the stress amplitudes which are identically
distributed such as the one shown in eq. (6), if A is sufficiently large. then the cumulative
distribution of the maximum amplitude approaches to the following Type | asymptotic

distribution of the largest value
‘FL (o-m) = exp{_exp[’a,\' (O-m —Hy )]} ’ (IO)

in which Findicates the cumulative distribution function, z, is the characteristic parameter, and

&, is an inverse measure of dispersion. The expected value of the maximum amplitude can

therefore be derived based on eq. (10) as well as the cumulative distribution function H o). In

particular, if eq. (6) is considered. the expected maximum amplitude is shown as

0.577
N2InN +———) =0, (1)
¢ \/2111N)

where 0.577 is a truncated Euler’s constant. Eq. (11) is interpreted as the theoretically derived

£[2,]=0

1ms

“expected” maximum stress amplitude.

In the case of high stress level, i.e., large o, orp, eq. (8) can be approximated as
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)f"“’/“(i;ﬁﬂ) (12)

E[D(T)]:%(\/Ea

m

1S

and with the term dropped, the expression of eq. (11) becomes

0.577
V2In N
ElZ, ]1=0,,(2IhN)=0c,. (13)

Combination of both eqgs. (12) and (13) yields

(\flnN)d_ p+d 1 ,
e Lol BV AR T (14)

where E[D(7)]=1 and v,7 =N are set in eq. (12). When d is selected to be zero, the
expression of eq. (14) becomes

1 _ 2 1 P
W_F(E+1)-/C-(\/Ecrm,) . (15)

as is the case with Miner’s rule taken into account again. Such formulas as analogous to eq. (15)
can be found in the relevant books, while the expression of eq. (14) is presented by the authors
of this article for the first time.

The second way of dealing with the clipping stress is based on Lambert’s empirical
assumption. Lambert suggested that o, be 4~7 times the value of &, _. If the clipping ratio is

defined as

r=2n (16)

s

then eq. (11) can be rewritten as

=(2InN Yy, 17

where y (=0.577) is a truncated Euler’s constant. The fatigue life Nin terms of rcan be induced

from eq. (17)
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N =exp[0.25-(r* =1.154 + r+/r* - 2.308)].

Fig. 1(a)~ 1(d) show M-rplots with rranging from 3.5 to 7.

Farlure Cvele, N

Fig.

N

Failure Cycle,

(=Y

Chipping Ratio, 1

(a) N-rplot ( r=3.5~4.0)

Chipping Rato. 1

Fig. 1(c) N-rplot ( r=15.0~6.0)
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Failure Cyele

Fig.

N

Failure Cyele.

Fig.

Chpping Ratio. 1

1(b) N-rplot ( r=4.0~5.0)

g

O T T

60 62 64

Chipping Ratio. 1

1(d) N-rplot ( r=6.0~7.0 )

(18)

Additionally, from an engineering point of view, a more straightforward solution to the

clipping stress is based on the maximum tensile strength of a tested material. As can be seen in

the later section, it indeed yields a good effect in the numerical calculation according to this

argument.

2.2 Fatigue Reliability Assessment (Kapur et al., 1977; Leemis, 1995)

At present, in order to get further information on the fatigue life data available, reliability
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assessment is made. Hence, our current concern lies in the parametric analysis of a complete
data set, in that the fatigue test under the present study is carried out until all the specimens
fracture. A brief introduction to the model is made as follows.

The life data are fitted by specified probability distributions, and chi-square tests are then
employed to examine the goodness-of-fits for all plots. The detailed procedure for the foregoing
analysis has been standardized and documented in many related books. However, special
emphasis is herein stressed on the Weibull probability function since it has been proved to be
the best among these competitive models in the present study.

The four lifetime distribution representations for the Weibull distribution are
FO =A™, R(y=e"", ht)=xAt"" and H(t)=(A1)". (19)

where A7) is the probability density function, R (#) is the survivor function. /() is the hazard
function and A7) is the cumulative hazard function, and 2>0, x>0 represent the scale and
shape parameters, respectively. When there are /7 observed lifetimes for a complete data set, say

. (~1~n), the natural logarithm likelihood function is expressed as

INnL(A, x)y=nlnk +xnIinA+ (K—])Zlm‘, f/l”Zr,* . (20)
i=1 i=1

Partial differentiations of InL(A, k) withrespectto A and «~ yield

clnl(d. k) Kn N
— LKA ¢ 21
oA A ,Z.“i @h)
i 9InL{4.x) =L a2+ e = (20) n(ar,). (22)
=1 =1

oK K

When the above egs. (21) and (22) are set equal to zero, the simultaneous equations have

no closed-form solution
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and S5 Y - (24)
.

i=l ZRK
1=l

Here let 4 and & be the numerical solutions of A and & . respectively. Once & is
attained from eq. (24) by the numerical scheme. substitution of & back into eq. (23) will
yield/’:. Based on the known & and A. the empirical lifetime functions associated with the
Weibull fit can be determined according to eq. (19).

With the object of getting a further comprehension of the confidence intervals about A and

k. the procedure is undergone in such a way as stated below. The second-order partial
derivatives of InL(A, k) are

-&*InL(A.x) _«n
ox A

—0 InL(4x) _ -g + f’l[:\-zri‘ln t+(1+xn /1)21‘,” }
v i=1 =1

OACK

+r(e=DAT
1=

—8@ Wild.x) = L3 ) ey 25)
K-- i=1

ox’?
The observed information matrix in accordance with eq. (25) is established as

—8'InL(A,x) =0 InL(A,x)

b oOF DAdK
oG )=| ., ° ; . 26
o 50=| ool @ InEihe (26)
0AOK o’k i e

The variances (or standard deviations) of both the parameter estimators. i.e. & and A,
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can be computed using the inverse of the observed information matrix O7'(A, &). The
confidence intervals with respect to A and « can be obtained accordingly.

3. Experimental Work

In order to check the feasibility of the formulas derived in the preceding section, fatigue
experiment has been performed in the present study. Only a brief description is presented here
and readers are suggested to consult the relevant reference (Xie, 1995) for detailed depictions.
The test specimens were made of 7075-T761 aluminum alloys and prepared in conformity with
ASTM E606 standard. The shape and dimensions of the specimen are indicated in Fig. 2. The
material has a yield stress of 512 MPa, ultimate strength of 627 MPa, and Young’s modulus of
73.5 GPa, which are all revealed in a mean sense. An MTS axial-torsional servo-hydraulic test
machine was used to execute the experiment. During the first phase of the experiment, fully
reversed, constant-amplitude, strain-controlled, low-cycle fatigue tests were performed. The
strain-life curves (Bannantine et al.. 1990) were plotted and the result was used to obtain the
material constants needed for the subsequent computations. The total strain range (&) was
composed of an elastic part (&) and a plastic part (£,). And for all test specimens, the

empirical strain-life relationship is
— _ O—I' b T
E_gr.'+£,u = E (ZNJ) +£J(2N.') * (27)

where o, is the fatigue strength coefficient, £, is the fatigue ductility coefficient. b is the
fatigue strength exponent and c¢ is the fatigue ductility exponent. If the elastic strain dominates

for a greater portion of life range, the relationship in eq. (27) can be revised as

o ag.
=—=—L02N,) 28
&= E( r) (28)

which, in fact, exhibits a Basquin’s equation of
a=0.(2N,). (29)

Comparing eq. (29) with eq. (1), it can be shown that € =1/2¢)" and p=-1/b.
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Fig. 2 The test specimen ( in mm )

After fundamental fatigue data were obtained from the test result, stress-controlled random
fatigue tests were performed in the second phase of the experiment. During the test processes.
stress histories and fatigue lives were recorded for the future analysis. Fifteen stress histories
such as the one shown in Fig. 3 were generated, and each applied to a specimen until the
specimen fractured. The fatigue lives of specimens under random loading are tabulated in Table
1. where the specimens are numbered in the first column and the corresponding fracture cycles

are indicated in the second column.

Load (KN)

Cycle Number

Fig. 3 A segment of random loading history
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Table 1 Fatigue lives of test specimens

Specimen No. No. of Cycles to Failure

ART- 1 10803
ART-2 9783
ART-3 10419
ART-4 10441
ART-5 10102
ART- 6 9921
ART-7 10381
ART- 8 9732
ART-9 10146
ART- 10 9978
ART- 11 9836
ART- 12 10237
ART- 13 10292
ART- 14 9344
ART- 15 10533
Mean 10131
Std. 32451

4. Results and Discussion

In the present study, the strain-life curve is constructed as shown in Fig. 4, from which it is
found that o, =1286.7601 MPa, b6=-0.1486, ¢, = 0.116 and ¢ = —0.776. The empirical

20

constants needed in applying eq.(1) are found to be p=6.7290 and C =4.2097x10

accordingly.
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Fig. 4 Strain-life curve

The computational results associated with experimental set when subjected to the constant
clipping ratio rare tabulated in Table 2 and all predicted results should be viewed in an average
sense. As exhibited in Table 2, the plastic work interaction rule (for = —0.25, —0.35 and —0.45)
indeed improves the prediction over the widely used Miner’s rule (for ¢=0). The degree of
improvement is contingent upon the selection of exponent d that can only be determined on a
trial basis so far, and the adoption of the minimum ¢ yields the best result. Furthermore, the
increase in the value of rwill render a trend of more conservative life prediction. Both the mean
and standard deviation for the experimental data are also listed in the same table.

Table2 Computational results under constant &, /o,

Applied Equation Eq.(8)
Fatigue Life

d=0 d=-0.25 d=-0.35 d=-0.45
Const o, /0,
o, =630 MPa

13624 12104 11531 10978
o, =142.53 MPa
o, o, =4 13846 12589 12106 11633
GO =5 13557 11686 10999 10346
oo =6 13548 11591 10314 9526
g ja. ..=7 13548 10737 9772 8888

Remark: The mean is 10131 and the standard deviation 324.51 for the experimental data.
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If the maximum clipping stress is not known beforehand. an accurate result can be attained
through the use of Gumbel's asymptotic theory of statistical extremes. The results under
Gumbel’s theory are shown in Table 3. Again, all predicted results should be interpreted in
averages. Observed from Table 3, all predictions based on Morrow’s nonlinear damage rule are
better than those on Miner’s linear rule in accuracy. The incorporation of statistics of extremes,
ie. eq. (11), into “key formula”™, i.e. eq. (8), vields an improving effect. In the same table. a

good prediction effect is achieved as well in accordance with eq. (14).

Table 3 Computational results under Gumbel’s asymptotic theory

Applied Equation Eq.(8)+Eq.(11) Eq.(14)
(Basedon o, =142.53 MPa)
d=0 13606 13548
d=-0.25 12061 12103
d=-0.35 11490 11565
d =-0.45 10944 11050
Remark: The mean is 10131 and the standard deviation 324.51 for the experimental data.

Another approach is proceeded such that the clipping stress, o, . is taken as the maximum
tensile stress of the material under experiment, say 630 MPa. By eq.(16). rcan be calculated as
4.4201. Substituting this value into eq.(18), we can obtain A, which approximates 9727. An
alternative estimation is referred to Fig.1(b). from which the same result can also be vielded.
The prediction of fatigue life in this way seems slightly conservative compared with the
experimental life average, [0131. Nevertheless, it indeed yields a good prediction effect.

Presented below are the results of reliability analysis. In order to carry out the parametric
analysis for the present study, the life data are fitted by the normal, log-normal and Weibull
probability distributions at first and then chi-square tests are used to check the goodness-of-fits.
It is found that the Weibull fit is superior to the other two fits. Following the procedure
described in the section 2.2, let eqs. (21) and (22) be set equal to zero smlultaneous]y and the

fitted Weibull distribution has maximum likelihood estimators 2 9.7086 x 10~ .k =31.3015.

These maximum likelihood estimators were determined using a computer program.



R 42 1Y 27
Substitution of A and & into eqs. (25) and (26) yields the observed information matrix as

« o [1.5592x10" 09.2
0(/1,&')—[ 592x10™ 708 }

70809.2 0.0302
The inverse of the observed information matrix O"(/’:. x) can be obtained as

7.1785x107" —1.6841><10‘(}

0"'(1. k)=
~1.6841x10™  37.0833

The standard deviations of both the parameter estimators, i.e. £ and /i, in terms of the
inverse of the observed information matrix O"(/'*AL, x) are computed to be (;',-_ =8.4726x107
and C;'x = 6.0896, respectively. A 95% confidence region for the parameters is satisfied by

9.52691x107° < A <9.89035x 107

and 18.2404 < k <44.3622 .

The Weibull fit for the present case is shown in Fig. 5.

R 1

0.8 —

0.6 —

0.4 —

0.2 H

0 T T T T 1
Q 2200 0600 10000 10400 10800 11200
No. of Cycles to Failure

Fig. 5 The Weibull fit for parametric analysis

5. Conclusions

In accordance with the present study, some conclusions can be drawn with regard to the
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tatigue life of a component when random loading is taken into account.

1.

2

An approach to fatigue life based on the establishment of mathematical models is
comparatively feasible for quick prediction, despite the fact that the computational process
may be somewhat tedious occasionally. In the present paper, emphasis is stressed on the
key formula, through which lots of formulas derived past in this field can be stemmed
systematically. Furthermore, the key formula not only can, to a certain extent, improve the
accuracy but also can extend the life prediction downward to an order of 10° in cycle with
still remaining an acceptable accuracy. Alternatively, all formulas in this paper can be used
for the calculation of fatigue damage, the discussion of which is beyond our concern and
spared in the present paper.

The plastic work interaction exponent, d. evidently dominates the accuracy of the life
estimation. For most cases in which longer fatigue lives are considered, the results
computed based on Miner’s rule (¢=0) show the severe deviation from the real data and the
selection of the lowest value of d gives rise to the most conservative outcomes. For the
special case which allows for very short lives, the selection of d'scarcely has any influence
on life prediction. The increase in the value of the clipping ratio r elucidates a trend of
more conservative life prediction. The decrease in the value of d leads to a more
perceptible variation in the life estimation when the different clipping ratios ris considered.
In the case of longer fatigue life prediction, regardless of whether Lambert’s empirical
assumption or Gumbel’s statistical extreme is applied, all formulas on the whole yield
satisfactory prediction results. However, the use of Gumbel’s statistical extreme in the case
of shorter lives will overly induce conservative estimations. A criterion proposed for
surveying the applicability of computational algorithms under Gumbel’s theory is up to the
clipping ratio 7, which can be yielded by eq. (17). It is found that the predicted life will get
less accurate when the corresponding value of ris smaller than 4, and that the degree of
inaccuracy increases with the distance of ~value from 4.

Reliability assessment can serve as an alternative approach to fatigue issue by measuring
the probability of a component’s life that can survive over a specified time. It assists
researchers in obtaining more information according to the life data available, allowing a
further penetration of the fatigue scatter feature. Under the current learning, the reliability

analysis is made in such a way that adequate lifetime distribution functions are established
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through a set of known experimental data. Conversely. the experimental data is simply
used to justify the applicability of mathematical formulas formerly derived such as eq. (8),

eq. (14), and so forth.
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An Estimating Problem on Generalized Beta Distribution

Wei-Ti Chen and Sy-Mien Chen

Institute of Mathematics and Department of Mathematics

Fu-Jen Catholic University, Taipei, Tatwan, R.0.C.

Abstract

As we know, the Bayes estimator is optimal under Bayes risk. In this
research, we study the performance of several estimators of G3B parameters

based on the risk under squared error loss function.
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Skin segmentation system automatically adapted to image
illumination conditions

Hung-Ming Sun  Yi-Ting Wang

Department of Information Management, Kainan University

No. 1 Kainan Road, Luchu, Taoyuan County, 33857, Taiwan, R.0.C.

Abstract

Presentation of skin color in images can be influenced by illumination
conditions and thus makes the result of skin segmentation degrade. To solve
this problem, a self-adapting method is proposed. It collects some
representative skin samples from the input image and uses them fo tune a
trained skin color model. The adapted skin color model can match better the
skin distribution in the input image and increases the skin segmentation
accuracy. After testing over 13000 images (including training and test
images). it shows that the new method performs better than the original

method.

Keywords : Skin segmentation; Skin color model: Color classification; Bayes
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Reducing Crosstalk for Improving Electrostatic Discharge
Immunity Using Separated Common Plane in Printed Circuit
Board Design

Yuang-Shung Lee," Cheng-Hsiung Chiang?
Abstract

This paper investigates how to improve electrostatic discharge (ESD)
immunity in a printed circuit board (PCB) to increase the reliability of
electronic products. Firstly, the current waveform standard for the
electrostatic discharge generator of IEC61000-4-2 is discussed. An
equivalent ESD circuit is then established and its accuracy confirmed using
mathematical equations and practical measurements. This equivalent circuit
model is applied as the electrostatic discharge source to further analyze
various PCB trace structures. In general. crosstalk is one of the main factors
causing ESD problems. This study solves this problem by comparing the
influences of crosstalk from different PCB trace structures in the time and
frequency domains. The results show that the separated common plane has
the following major advantages for PCB design: 1) lower crosstalk with
excellent ESD immunity; 2) smaller PCB layout spacing requirements; and
3) eliminates the need for great engineering changes in the design. The

simulation results are in good agreement with the measurement results.

Keywords : Printed-circuit  board, Electrostatic  discharge, Crosstalk,

Microstripe
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1. Introduction

In recent years, owing to tighter rise time and smaller geometry spacing, ESD problems
have become an increasingly serious issue. Many theoretical analyses have tried to solve this
problem [1-4]. However, these analyses had difficulty meeting the actual requirements,
especially ESD problems caused by crosstalk. Conventionally, there are techniques for reducing
PCB crosstalk. The first method involves maintaining impedance matching in the transmission
lines (TL) to avoid reflection [2]. The second method reduces the TL length and drop signal rise
time as much as possible [3]. Differential signal design is significantly helpful for decreasing
crosstalk [4]. Attaching extra components, such as the transient voltage suppressor diode and
varistor, on critical traces, to abate crosstalk is also one of the ESD countermeasures [5]. Using
a particular number of ground vias or/and guard traces between adjacent lines was developed for
crosstalk reduction [6,7]. Modifying the PCB substrate width to height ratio which is a vast
change to the original product design has been presented to reduce crosstalk [8.9]. To expend
greater spacing between the aggressor and victim lines as well as the 3W rule is another general
solution. However, these methods all have some significant shortcomings. They either consume
PCB layout space or increase the cost. In fact, some of them are hard to apply. This paper
discusses increasing the PCB layout utility rate, while reducing crosstalk and improving ESD
immunity simultaneously through modifying the location of the in common plane separation.
This paper adopts the function “Transient™ and S parameter” of Agilent Advanced Design
System (ADS) softward package which is a commercial simulation tool for PCB design and
analysis [10]. and for the actual measurement, digital storage oscilloscope (DSO) and vector

network analyzer (VNA) are used to validate the results from simulation tool.

2. MODELS OF ESD GENERATOR

The ESD generator is used for evaluating the ability of equipment or systems related to
satisfactory function in an ESD event. Most electronics products must implement ESD testing
and meet the IEC61000-4-2 standard. During and after testing the product functions must
remain consistent and operate normally as before testing [11]. That standard has provided a
typical current ESD waveform with some important parameters in the contact mode, such as

consistent rise time, first pulse current maximum amplitude, second peak current at 30ns, and
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maximum value of the current at 60ns. As can be seen from Fig. 1, the current tolerances are
separately specified for +/-10%, +/-30%, and +/-30%. The standard also insists that various
ESD voltage levels must conform to corresponding current values. In practical applications,
many ESD generators are made in accordance with the above-mentioned standards but obtain
different results during product testing [12].

I,

peak

90%

I at 30ns IJ V

I at 60ns

10% )

— w—t=0.7~Ins f
et 1) [ e
60

Figure 1. ESD classification test current waveform in contact mode

The advantage of mathematical equations is that they are able to predict the discharge
current and related fields based on the charging voltage and geometry. Hence a variety of
mathematical equations have been presented to fit the IEC61000-4-2 ESD specifications [11].
The ESD current waveform is an impulse response and convolved with the nonlinear
characteristics. A novel mathematical equation provides the polynomial pulse function with the
continuity of the first derivative at time equal zero and time integrable [13]- [14]. The transient
current cannot be changed instantly during the ESD discharge. In other words, the radiated field
generated by ESD is related to the current and also to the current derivative. On the other hand,
time integral-unable is not convenient for the ESD numerical calculations for the radiated fields
otherwise the radiated field would not be efficiently calculated. The ESD charge and discharge

can be predicted in the time-domain as:
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where the exponential order p, ¢g. r, and s are integral numbers and rl ~78 time
constants and [y~ /jare also the current amplitude constants.

A simulated ESD generator lumped circuit is supposed to synthesize the typical standard
ESD waveform through ADS transient analysis [15,16]. Refer to the model as displayed in
Fig.2. C1=150pF and R1=330Q are for fitting into a standard that simulates the charge and
discharge in the human body mode (HBM). C2 and L1 are the impedance of the ESD generator
grounding wire and these two components are for shaping the second pulse of the current
waveform. R2 and C3 extracted from internal network are the parasitic resistor and capacitor for
the ESD generator. Otherwise, different brands of ESD generators usually have considerable
variation in these parameters. L2 is regarded as the inductance between the ESD generator and
its electrodes. This equivalent component determines the amplitude only at the second pulse.
Oscilloscope internal impedance consists of C4 and R3: providing a main path that allows the
discharge current to return to ground. The simulated current probe is connected between the tip
and ground. Practical measurement uses ESS-2000 of NOISEKEN, and its generator is TP-
805R. The inner impedance of the digital storage oscilloscope was set to 50ohm and the
discharge voltage was captured by it. The discharge current was obtained through dividing the
obtained voltage by 50ohm and is presented in Fig.3. To avoid the high ESD voltage damaging
the instrument, a 20dB attenuator was used to decay the ESD noise. The equivalent circuit
comparison, mathematical equation, and practical measurement all used 6KV injected voltage in
the contact mood as presented in Fig. 4. Consequently, the first equivalent circuit rise time can
be produced repeatedly and approximates the reference 1IEC current waveform rise time. The

transient spike between the first and second pulses at 30ns is caused by the grounding wire. Its



length may need to be as short as possible in order to reduce the transient spike. According to
the IEC61000-4-2 standard, this spike is not described. Similarly, the mathematical equation
also formulates this. In fact, the practical measurement results of all ESD generators exhibit the
existence of this spike. Therefore, an equivalent circuit will duplicate the measured result in this
paper, exposing the transient spike and second pulse. However. most ESD effects are related to

the rise time and the peak current at first pulse. The actual result will not be influenced even if
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the current curve has a small difference at the second and last pulses.
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Figure 2. Equivalent circuit of ESD generator
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Figure 3. Practical measurement for ESD voltage waveform generator
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Figure 4. Comparison of current waveform for mathematical model, equivalent circuit, and measurement
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3. COMMON PLANE SEPARATION

Most crosstalk reduction studies focus on the electromagnetic field coupling because a
wider common plane provides a better return path. Hence, decreasing mutual inductances and
mutual capacitances are a major method to reduce coupling noise. Unfortunately. that method
usually depends on spacing between the adjacent trace. In general, the power plane and ground
plane are common plane or the so-call image plane, used as a reference plane for high frequency
return path of signal current. The return current always flows through the nearest power or/and
ground plane, hence the signal current distribution should be the same as the common plane
distribution current. In this paper, the proposed strategy is to decrease the current distribution
field to the surrounding traces in their common plane and block the current distribution overlap
from each other. The separated common plane incorrectly may make the PCB become a slot
antenna and subsequently convert the crosstalk into a more serious problem. Therefore. this

method focuses on the signal current density /(1) calculation proposed in [17] and total signal

current distribution can be expressed as:

/ I
I()=— ——m8—— (2)
) TH 1+ (x/ HY
4 ; . gl ln 1 = 2!n A (2 ~ 5
/D = '[-."\Hl{‘\) dy= v[-"n"!j'[][ W dyv= 7‘1&]1 (J) = {).793/“ (3)

where /,, Hand X are the steady state current, dielectric thickness and distance respectively.
Assume that W is the width of PCB trace. The return current distribute to adjacent traces
with double width signal trace spacing on the common plane is shown in Fig. 5(a). From
equation (3), about eighty percent of the return current on the reference plane is concentrated in
the 3H area aside the trace centre. Thus, if the distance between the two microstrip transmission
line (MTL) couplings becomes much larger than 3H. the common plane coupling will be
significantly reduced, as shown in Fig. 5(c). Similarly, based on the distribution of return current
concept, if there is a moat on the reference plane. as shown in Fig. 5(b), the common plane
coupling can also be decreased since the overlapped current is almost zero; Comparing Fig. 5(b)

with Fig. 5(c). although the common current of coupling traces are both very small, the distance
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between the traces in Fig. 5(b) is less than that in Fig. 5(c). Hence, following this rule of thumb,

a plane moat is helpful for ESD coupling reduction without additional space requirement.
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Figure 5. Return current distributed for (a) adjacent traces with 2W spacing on the common plane (b)
adjacent traces with 2W spacing on a separated common plane (c¢) adjacent traces with 3W
spacing on common plane

4. SIMULATION AND EXPERIMENTIAL RESULTS

4.1 Simulation

To investigate the determining variables for the separated common plane design, a
parametric study on the effects of various geometrical features of separation was conducted
here. The Per-unit-length parameters are needed to determine the particular line cross-sectional
configuration to solve the multi-conductor transmission line equations. A model is extracted
using the numerical simulation tool ADS in this work, as show in Fig. 6(a). For the case whose
spacing is double width between adjacent traces and two separated common inhomogeneous
media planes. The proposed simulation structure is composed of ADS mircostrip line and
mircostrip gap models, which include two kinds of component materials, effective FR4
dielectric substrate constant is set to 4.47 and 1 for air. The simulated ESD generator injects
+6kV into evaluated PCB structure directly, which is 2W spacing between adjacent traces. The
PCB structure simulation is combined with 20 segment models from the above evaluated
equivalent circuit shown Fig. 6(b). R1, R2, R3, and R4 50 ohm resistors are for impedance
matching. Simulated ESD generator force into evaluated PCB equivalent circuit and far-end
crosstalk (FEXT) voltage can be obtained. In addition, the 3W rule with lower crosstalk than
2W spacing between adjacent traces is proven via this simulation. The proposed structure,
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separated common plan of 2W spacing between adjacent traces, acquires the same performance
as the 3W rule, also displayed clearly in Fig. 7 (a). The S41 represents FEXT and its
characteristic of the frequency domain is shown in Fig. 7 (b).
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4.2 Experimental results

With the purpose of evaluating the effectiveness of the separated common plane, several
experimental setup models, shown in Fig. 8(a) ~8(e), were designed and implemented in FR4
substrate with the height 1.5mm. The width of the traces is all 3mm so that the single-end

transmission line impedance is about 50ohm, and the length is 200mm.

Port 1 —>I2[I mmH 30 mm L_

wnn |—~1|,—

[

-3~ = = — = Port 4 l_)“;

(a) (b) () (d) (e)

Figure 8. Experimental boards (a) Common plane under the spacing with double trace width (b)
Common plane under the spacing with triple trace width (c) Partial slot plane under the
spacing with double trace width (d) Whole slot plane under the spacing with double trace
width (e) Split plane under the spacing with double trace width

The first experimental case uses 3mm spacing between the aggressor and victim as
displayed in Fig. 8 (a). It is constructed using double width signal trace for crosstalk coupling.
The second case uses 6mm spacing between the aggressor trace and victim trace, thus this
structure exactly meets the general 3W rule design presented in Fig. 8 (b). In Fig. 6 (c), follows
the first case but with a separate common plane across through all signal traces and the
separated moat width on the reference plane is 0.5mm and the moat length is 20mm. The next
case also follows Fig. 6(c) except the moat length is 30mm as shown. The last, separated width
and length is the same as in the case in Fig. 6 (d) but the common plane moat is parallel to the
signal traces in as displayed in Fig. 6 (d). All traces are terminated at the ends using a 50ohm
resistor for impedance matching.

To obtain accurate ESD discharge waveform, a broadband digital oscilloscope Tektronix
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74A10 was used to measure the ESD voltage. To avoid interference, both the DUT and DSO
were setup inside an EMC chamber. Moreover, the metal walls of the chamber also support an
excellent grounding for DSO during measurement. Excellent grounding is also a critical point
for the measurement due to different ESD generators having different radiated emissions.
Correct and suitable grounding can obtain the same trend in the measured result. The ESD
generator was placed outside the chamber with its ground strap connected to the shielding
ground of the chamber. Because the DSO maximum input voltage is only 30Vdc, a 20dB
attenuator was place near the DSO input port to prevent instrument damage. Portl induces
energy through FEXT to Port4. Enough DSO bandwidth and resolution is another factor for
measured result. Injecting 1kV contact ESD energy into the designed PCB structure was

performed through a 20dB attenuator with only 1/10 voltage be detected.

SEMI-ANCHOIC CHAMBER

Oscil loscope

ESD Generator
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==
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Grounding Wire

Figure 9. Configuration of ESD measured system

The ESD generator positive voltage produces negative voltage in the end of victim line due
to FEXT. The voltage and current relation of the coupled lines had been described [8] and the

FEXT voltage can be calculated as:
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where ¢, and (), represent the self and mutual capacitances of MTL per unit length
respectively. The 7 and 7 represent the self and mutual inductances respectively. The cross

section of a coupled MTL pair and the input voltage V/ (#) is applied at the active line and is the

time of flight along the coupled length is shown in Fig. 10.
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Figure 10. Equivalent circuit of a coupled MTL pairs

Injecting the ESD positive 1kV using the contact mode delivered to several designed
structures and the actual measurement results in the time domain is displayed in Fig. 1. They
show that the 2W structure with separated common plan has low FEXT as well as the structure
of 3W with the common plan. In other words, the separated plane is a more effective solution
than the normal 2W spacing structure for crosstalk reduction in the same PCB 2W spacing
layout. Moreover, the 2W structure with partial slot plane is an incorrect separated plane
structure. It will induce larger FEXT due to a discontinuous reference plane. The aggressor’s
energy cannot return back to the source from the common plane by the shortest path, and moves
along the slot into the victim. In the 2W structure with the whole slot plane, the above
phenomenon becomes more serious. It rises up to 170% FEXT voltage over the normal 2W
spacing structure. That is the worst case for crosstalk reduction in the designed structures. The
VNA measured results for the S41 parameter present that the slot common plane produces more

serious reflection than the other structures and the aggressor’s energy couples to the victim
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beginning from low frequency. This is a good explanation for dissimilar contrast as shown in
Fig. 12. This comparison demonstrates that the PCB structures in Figs. 8(b) and 8(e) have the

lowest crosstalk influence of all designed cases. They obtain about 6dB improvement greater
than the normal 2W structure with the common plane.
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Figure 11. Measured Results of FEXT voltage
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5. Conclusion

This study successfully implemented an equivalent ESD generator circuit model. The
proposed model was confirmed accurate after verification against the IEC61000-4-2 standard.
An effective ESD measurement system was developed to analyze the ESD phenomenon was
another important contribution of this study. The benefit of this approach is that the proposed
system can be used to analyze more complex systems. Moreover, this study demonstrates that a
separated common plane can be utilized to increase the ESD immunity without extra spacing.
The proposed method performed as well as the original design with approximately 4~5dB
improved effectiveness in the S41 parameter and falling down about 40% FEXT voltage. This
novel technique also performed easily and effectively for practical industrial applications and is
helpful for designing a better ESD for PCB. Further research will explore the influence of a

separated common plane on signal integrity (SI) and radiated emissions.
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Factor Analysis Based on Co-Area of Distributions

Ven-Shiang Huang' , Chien-Chang Yen, Nanping Yang,
Shu-Cheng Lee, Mao-Sheng Chang

Department of Mathematics, Fu Jen Catholic University

Abstract

We present a simple factor analysis method which is based on a
correlated matrix derived from the co-area of distributions and the
connection obtained from a graph induced by the correlated matrix. The
application is to analyze the data, the calculus course grades and the
entrance examinations of mathematical students. This analysis helps
educators understand better the current situation and direction of

mathematical teaching.

Keywords : factor analysis, co-area, principal component analysis. co-

relation matrix

1. Introduction

Multivariate data are information recorded from the behaviors of humans. It could be wide
and various types, such as, for example, the grades of students, the weight of individuals, the
age of people, etc. Usually, there are several factors for each person. Once the target factor or
goal is determined, people are interested in the significant factors among others. A traditional
method is using linear regression to probe the correlation of two factors. The more advanced

approach is principal component analysis (PCA) [3].

' Corresponding author: Tel :886-2-2905-2574
Fax:886-2-2904-4509
E-mail address: 001984(@mail fju.edu.tw
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We first analyze the factors by the traditional method and demonstrate that the standard
deviations are too large to interpret the meaning of the data correctly. Such phenomena often
happen in multivariate data from time to time.

The PCA method may cure the drawback and provide us with an exploratory tool. This
method would explore correlations between factors. This method is both useful and a way of
dimension reduction, but it transforms data into others. The correlation [4] is indicated from the
transformed data.

The method for factor analysis [2] proposed here comes from the first principle. that is.
“meaning of correlation™. The correlation is defined to calculate the correlated coefficients
derived from the co-area based on the distributions of data. That is. we calculate the area of the
overlap region of distributions. We represent the correlated matrix by a graph through a stop
criterion. We verify the result by the PCA method. Both results are consistent. The
characteristics of students can provide suggestions to teachers how to help students learn and
study.

The sample data used in this paper are introduced as following: Each record contains six
components, denoted by u:(.\',.A'Z./\’75._.\'4,.&'5..\;) which are Calculus, Mathematics (MA),
Chinese (CH), English (EN), Physics (PH), and Chemistry (CM) grades, respectively. The
component x, is the fall semester grade. The other components x,~ x, are the entrance
examination grades. The sample data are from students majored in mathematics. There are 98
students in 2005 academic year, 101 students in 2006 academic year, and 97 students in 2007
academic year. Let £'be the collection of all the sample data.

We demonstrate the result analyzed by the linear regression analysis in section 2. The
drawback of this method is the large standard deviation. We explain our method in section 3 and

the results are shown in section 4. Finally, the conclusion and discussion are given in section 5.

2. A Priori Analysis

We begin to calculate both the mean and the variance for the given dataset £ in order to
understand the data tendency. The relations between the target factor ( calculus ) and the others
are shown by the linear regression in Figure 1. The linear regression is the line

{(x)= mx + b in each plot (figure 1). We calculate the standard deviation by
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This figure shows the relationships between calculus and the other five components by means

of linear regression. The drawback is that the standard deviation (table 1) are almost the same
and can be observed in the plots, Calculus (2005)-PH, Calculus (2006)-MA, Calculus(2007)-
CH, etc. The plots from top to bottom are from 2005 to 2007, respectively.

I n 5 .
\/—Z(u“ —du, )5 J =256,
b7 gy

where n is the sample size that the date set involved. The values of the standard deviation

given in Table 1 shows that non of the subjects is an essential factor for calculus learning. See
Calculus (2005)-PH, Calculus (2006)-MA, Calculus(2007)-CH, etc.

Table 1. This table shows the standard deviation values, which corresponds to Figure 1.

Year Math Chinese English Physics Chemistry
2005 22.84 23.64 22.55 24.19 23.02
2006 22.16 2221 22.17 22.15 2222
2007 19.30 19.38 18.78 19.14 19.38
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3. Factor Analysis Based on the Co-Area of Distributions

An observational data is denoted as w,.k =1,...n. Each event v, has A components,

thatis, u, . j=1L...A.Ourmethod is divided into four steps:

Step I. We calculate the distribution of each factor and normalize it.

Step 2. We calculate the related matrix by co-Area of the distributions.

Step 3. We represent the relation as a graph (edges and vertices).

Step 4. We determine the significant factors.

For step 1, the resolution has to be set and the number of events is calculated on the
interval. Hence, distributions are represented as {VU }_jz l,...A. Step 2 is to calculate the

correlated matrix which is defined by

where [v, ,.v,, ]= Zmin {V, Vi, } and “V,” =[v, ,.v.,]=1. Forstep 3, the vertices are the

components and the edges are the connections which depend on the values of the correlated
matrix. The connection edge is added by the order of the magnitude until the stop criterion
happens. Then we represent the connections as a graph. We may demonstrate our method by

means of the following example. A dataset is given (not shown here) which has the distribution
v, . in the following table.

i

Table 2. The distribution of a dataset used as a demonstration

Interval A B C D
0-10 0 2 7 0
11-20 4 2 1 0
21-30 2 3 8 0
31-41 0 3 0 9
41-51 2 0 0 6
51-60 8 6 0 1
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The corresponding related matrix is

I 069 0.19 0.19
069 1 038 025

R= (1
0.19 038 1 0

0.19 025 0 |

We represent the correlation by a graph below. In the stop criterion, every component at
least has an edge and the minimum edge is one. The connection edges are A-B, B-C, and B-D.

the corresponding values are 0.69, 0.38, and 0.25.

A

4
c
Figure 2. This graph shows the connection edges derived from the related matrix in (1)

For step 4. the significant factor is B because it has the maximum number of edges.

4. Results

We investigate the significant factors for the grades of calculus and the entrance
examination data of the years from 2005 to 2007. For the distribution of each factor, the lengths
of the intervals are 1, 5 and 10 scores. The correlated matrix (shown in Table 3.1~Table 3.3) is
calculated from the distributions.

We observe the following topics: The first one is to probe the significant factors of the
entrance examinations. Therefore, the first row is ignored. Those graphs are shown in Figure 3.
The stop criterion is set so that a vertex among them has reached 3 edges. The second
observation is to understand the significant factors with respect to mathematics. The third

observation is to probe the significant factors with respect to calculus.
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Table 3.1 Each sub-table shows the correlated coefficients of factors. From the left to right, the sub-
tables are the years from 2005 to 2007 years. The resolution interval is1 score. The “** means
that the p-values is less than 0.05 and “**” is less than 0.01.

2005 2006 2007
MA|CH|EN|PH |CM|MA|CH|EN|PH |CM | MA|CH|EN|PH |CM
Calculus) 029 | 027 | 041 [ 027 | 033 | 039 | 043 | 022 | 031 | 037 [049%* 047 017 | 026 | 034
MA 031 [033%| 010 | 021 0.41%*| 0.12 [0.04**[ 029 0.49%*| 013 |0.23%%| 0.34
CH 0.49%*| 031 |0.45%* 024% [ 016 [0.39** 015 | 026 |0.34%+
EN 0.39% | 0.37 0.43*%+| 031 0.57**| 0.34
PH 0.45%* 0.22 0.45%*

Table 3.2 Each sub-table shows the correlated coefficients of factors. From the left to right, the sub-
tables are the years from 2005 to 2007 years. The resolution interval is 5 scores. The “*”
means that the p-values is less than 0.05 and “*** is less than 0.01.

2005 2006 2007
MA|CH|EN|PH|CM|MA|CH|EN|PH |CM|MA|CH|EN|PH|CM

Calculus| 043 | 041 | 058 | 043 | 0.63 [0.37%*| 0.51% | 0.55 | 0.37 | 0.61* [0.68**{ 0.62* | (.23 | 0.38 | 043

MA 045 | 049 | 0.16 | 03] 0.63**| 029 | 0.10 | 047 0.77**| 0.19 | 034 | 043
CH 0.65%*| 0.45 [ 0.57* 043 | 027 [0.65%* 0.21 | 036 | 0.40
EN 0.65%*|0.71** 0.57%%)|0.65%* 0.81**| 0.51
PH 0.69%* 0.45 0.68%*

Table 3.3 Each sub-table shows the correlated coefficients of factors. From the left to right, the sub-
tables are the years from 2005 to 2007 years. The resolution interval is 10 score. The “*”
means that the p-values is less than 0.05 and “*** is less than 0.01.

2005 2006 2007
MA|CH|EN|PH|CM|MA|CH |EN|PH|CM|MA|CH|EN|PH |CM

Calculus| 047 | 043 | 061 | 047 | 063 |067*% | 035 | 039 | 041 | 0.72 | 0.70% | 066 | 0.23 | 038 | 047

MA 045 0.49 0.16 0.31 0.65% | 0.31 0.10 0.51 0.91*%*| 0.19 0.34 0.43
CH 0.67% | 047 | 0.61 049 | 0.29 | 0.65* 021 | 036 | 045
EN 0.67**| 0.73* 0.65% | 0.78* 0.83**| 0.57

PH 0.76%* 0.49 0.74*
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Let us summarize it in Table 4 by means of graphs. The multi-related factors mean the
factor reaches the maximum edges. The related Calculus (MA) means the factor has a relation
with calculus (mathematics). The results show us that the first three significant factors and the
related MA factors are the same for Chinese, English, and Chemistry. The related calculus is the
same conclusion, except for the Mathematics factor. The verification of the results for a
multivariate data is difficult. Here, we employ the PCA to justify our results. We use the total
data and the result is shown in Table 5 below. The results show that that the significant factors
are EN, EN and PH related to Calculus and MA, respectively.

MA i MA
%\CH @Aﬁﬁ Cﬁ@\cx
PH\\@( PE&N E!'H— N

2005 2006 2007

MA MA
™~

M4
CIM CH
rﬂ% PH——EN

2005 2006 2007
MA MA M4
N
CM_ CH (o) @_\C\H
| ™ /_S ﬁ [
PH PH P}y
2005 2006 2007

Figure 3. This graph shows the connection edges between the MA, CH, EN, PH, and CM factors from
2005 to 2007. The corresponding intervals of resolution are 1,5,10 from the top to bottom row.

5. Conclusion and discussion

We have presented a simple method of factor analysis based on the first principle, which
consists of correlated matrices and a graph representation. Such presentation also shows us the
connection relation. The assumption of our method is obvious, but it is truly meaningful and

easily understood. For an analysis of the multivariate data, the result is consistent with the PCA.
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Table 4.  This table shows the significant factors. The first three significant factors and correlation with
an MA are Chinese, Chemistry and English. For correlation with calculus, the result is the
same except for Mathematics.

Interval Year Significant factor | Related MA | Related Calculus
2005 CM,EN EN,CH EN,CM
I 2006 cM CH, CM CH,MA
2007 cM CH, CM MA,CH
2005 EN EN,CH CM,EN
F 2006 CcM CH,CM CM,MA
2007 cM CH,CM MA,CH
2005 EN CHEN CM,EN
10 2006 CM,EN,CH CH,CM CM,MA
2007 cM CH,CM MA,CH
Table 5.  This table is calculated by PCA. There are two values in each correlation, the upper value is

the related coefficient and the lower value is the p-values. The p-values are less than 0.05
which means the related coefficients are strongly meaningful. The results show that that the

significant factors are EN, EN and PH related to Calculus and MA, respectively.

Calculus MA CH EN PH
0.031 X X
MA
0.600 X X X X
0.077 07112 X X X
CH
0.184 0.053 X X X
0.149 -0.139 -0.280 X X
EN
0.010* 0.017* 0.000* X X
Pi 0.056 -0.125 -0.253 0.067 X
0.3371 0.031% 0.000* 0.248 X
- 0.094 -0.066 0.477 -0.265 -0.067
0.107 0.2535 0.000* 0.000* 0251
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An application our method has been demonstrated and the multivariate data is the grades of
students. The result shows us the first three significant factors are Chinese, English, and
Chemistry.

We also investigate the resolutions interval for the sample data. The result does not need to
be changed too much. The stop criterion may lead to more complicated results and thus be hard
to interpret the result. For this point, the user should understand the situation of reality. The
scaling factors will occur at the various ranges of factors. We do believe that this effect does not
have a lot of influence on our data.

We expect that this method can be applied on analyzing the data of students more deeply.
Furthermore, the interpretation of the results can help educators develop the structure of their
courses or the goal of their departments [1].
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Spike Sorting Using a Finite-Difference-Based Method

Wen-Bin Lin', Grace J. Hwang' and Chien-Chang Yen?

Fu Jen Catholic University Taipei, Taiwan 242, R.0.C

Abstract

In neurophysiology, a neuron is the basic unit in a nervous system. The
main function of an action potential or a spike is to transmit messages
between neurons. The spikes can be recorded as shapes of waveforms, and
the techniques of spike sorting are to distinguish different shapes of
waveforms among spikes. In this paper, we focus on the study of feature
selection, which is one of the data pre-processing steps of the spike sorting.
The use of the feature selection is not only to select the significant features
from the dataset but also to reduce the dimension of features.

In this article, we mainly study the Min-max Reduced Feature Set
(mRFS) proposed by Yen et al. The mRFS is designed particularly for
choosing a pair of features from spike data, and the idea of the method is
based on the technique of the finite difference with various orders. We first
introduce the mRFS method and then compare its performance with two
other techniques, Principal Component Analysis (PCA) and a wavelet
transform method. Experimental results show that mRIFS is the most
efficient method among three.

The mRFS method is also extended in our study, unlike the original
mRFS only choosing two features. We apply Kolomogorov-Smirnov test to
choose any number of main features. The other extension of mRFS is that

we use silhouette coefficient as a cluster validity measure and attempt to

! Department of Computer Science and Information Engineering
? Department of Mathematics



FEMAIRZAE I R T F R (72 i i

suggest the possible numbers of clusters on the data after mRFS has
processed. The validity of both extensions is also demonstrated through the

numerical experiments,

Keywords: Action potential, Spikes, Finite Difference
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Multiscale Decomposition for Nonstationary Data —
A Trous Wavelets and Empirical Modal Decomposition

*Grace J. Hwang, "Yeah-Chuan Kuo, ‘Nanping Yang' and "Chien-Chang Yen

*Department of Computer Science and Information Engineering, Fu Jen Catholic University

“Department of Mathematics, Fu Jen Catholic University

Abstract

We present a multiscale decomposition for nonstationary data, which is
a unified framework of the empirical modal decomposition (EMD) and 4
trous wavelets (AWT). The boundary effects due to EMD are either by
taking local extreme values or extrapolation values at the endpoints. A
comparison between AWT and EMD is presented according as a one/two
modal signal, a linear function with two modal signal, and a random signal.
Both AWT and EMD are applied on structure detection of astronomical

observations.

Keywords : multiscale decomposition. nonstationary data, a trous wavelet,

empirical modal decomposition

Section 1. Introduction

Nonstationary data can be found in various fields. for example, fusion in biological images,
structure detections in astronomical observations. and financial stock markets. To deal with
nonstationary data, a suitable decomposition is often applied so that the significant information

is able to be probed for further analysis.

' Corresponding author: Tel :886-2-2905-3545
Fax:886-2-2904-4509
E-mail address: yang@math.fju.edu.tw
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A Trous Wavelets and Empirical Modal Decomposition

Empirical modal decomposition (EMD) is a method for analyzing nonstationary and
nonlinear datasets. It provides a tool to decompose signals into a combination of bases or
intrinsic modal functions (IMFs). It is data-driven and has a lower computational complexity
with highly effective. This method has been used in numerous fields [5].

It is well-known that wavelets is a tool for a multiscale analysis [4]. There are many types
of wavelets that are often used, such as. Daubechies” orthogonal wavelets (Daub) [4], Chui-
Wang wavelets (CW)[ 1], Cohen-Daubechies-Feauveau wavelets (CDF) [3]. difference wavelets
(Diff) [2]. or & trous wavelet (AWT). From the empirical experience, the Daub, CDF, CW and
DW are very successful for data compression. However, AWT is better than others in imaging
analysis. even when the data is nonstationary. AWT may also be employed on astronomical
observations [6].

In section 2, we present two aforementioned methods in a unified frame, called a
multiscale decomposition. A comparison between AWT and EMD is investigated for different
types of signals in section 3. Section 4 describes an application of AWT and EMD to

astronomical observations. A short summary is given in the last section.

Section 2. Multiscale Decomposition

Let J be a positive integer. A multiscale decomposition for a signal {/; can be written as

UIIZZI”/;-}-RMI’ (])

where W, is the signal at scale ;j oratthe j-thplaneand K, is the last plane or the smooth
plane. Equation (1) is a unified framework for AWT and EMD described below.
Denote * the convolution operator and define the cubic B-spline function as

B,(x)=B,* B * B,(x)

where B () is the box function on [0,1], that is,

x?
— xe0,1]
B(x)=1 9,

4 2
—‘—+2.Y2—2,\’+f, xre[l2],
2 3
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and it is symmetric with respectto x =2. By the definition of B,(x). we have

1 4 6 4 1 :
B.(x) =§BR(2X)+E B.(2x —l)+§ B.(2x —2)+§ B.(2x —3)+§B5(2x -4). (2)
Besides the property shown in equation (2), a cubic B-spline has the nice features of a short
length of coefficients, smoothness, and symmetry. We therefore choose it to derive the formula

of the a trous algorithm and use it to interpolate the Jocal maxima or minima in the EMD.

Cubic B-spline

0.9
0.8
0.7
06 \
05 3
04

03r
0.2r /
0.1

Figure 1. The Cubic B-spline function.

2.1 A trous Wavelet

A signal decomposition by AWT is given by

¢, =<F (2 (x+2)— k), By(x) > (3)

Wiar =Ci0 —Ciay

The coefficients w,, lies on the (/+/}th wavelet plane and the smooth plane is referred

toc, , . We now apply equation (3) to deduce the coefficients ¢, in terms of ¢ as follows.



126 Multiscale Decomposition for Nonstationary Data —
A Trous Wavelets and Empirical Modal Decomposition

c;i]..{ =< f(z.lil (-" + 2) - )(').B.j(/\') 53

- jz-r’-' F(X)B, (27 (x + k) - 2)dx
= jz f(,\')(éB?(Z”(,\' o A’)—4)+—§B3(2"’(,\' + k)—3)+§33(2-f (x 2 8)=T)

+%B3(2" (x +k)—1) +§BS(2"’ (x + &)))dy

:TIE [/ (x+2)=(k=2:2")B,(x)dx +% [r@’ (v +2)-(k=2")B,(x)dx
6 2 / - = - 5 4 > 'y - A - -
b [r2/(x+2)- K)B,(x)ax e [/ (x+2)-(k+27)B,(x)dx

] J 5 [ ! i =
b [/ (x+2)=(k +2-2")B,(x)dh

= : c + 4 c + g c.,+ G c + 1 C
16 Jok=224 16 k=27 16 Ik 16 Joh+2! 16 Jok+22/

It is worthwhile to note that the above formula is different to the wavelet transformation.

The perfect reconstruction of the given signal can be obtained by adding all wavelet planes.
. . 2 3 ;
A data {e, } is given as c,, =sin(x,). where x, = A’EZ for £=1,2,..,256. With

the periodic boundary conditions imposed, the smooth planes and the wavelet planes obtained

via AWT are shown in Figure 2.

sin(10%)
2
8 oMWWV
-2
02 4 6 -
s NV =
2 2 4 6 2 2 4 6
2 2
S TITYITYIY) [ e——
2 -2
N2 4 6 0 2 4 6
3 MWW

olb
n
E-
@

Figure 2. This figure demonstrates the process of AWT. The profiles on the left column are the smooth

planes and the wavelet planes are given on the right column.
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2.2 Empirical Modal Decomposition

There are some characterizations when empirical modal decomposition is applied to
signals analysis. First of all, there are at least one minimum and at least one maximum.
Secondly, the characteristic time scale is defined by the time lapse between the extrema. Finally.
if the signal is totally devoid of extrema but contained only inflection points, it can be
differentiated once or more times to reveal the extrema [5]. To decompose a signal s, into
IMFs, interpole by a cubic B-spline B,(x) to s, at its local maxima to obtain an envelope

1™ as shown in Figures 3(b) and 3(c), the same interpolation at local minima to obtain another

0

min

. . ] nax
envelope 7™ as shown in Figure 3(d). Let 7, = E(r(‘, “+4™) and v, =s,—t,. Define

SD:“ S”—f" ”’l

soll=lug 1711, II.

An IMF W, =u, is obtained if it satisfies the stop criterion on SD. If not, replace s, by
u,and repeat the above process until IMF is obtained. The initial signal for the next IMF is
s, =5, —W,. The algorithm is laid out in Table I, and the process is called the shifting process.
Figure 4 demonstrates EMD for a sine wave which is decomposed into two IMFs,

2 2

AR = AR

50 100 150 200 250 50 100 150 200 250
2 2
2 -2
50 100 150 200 250 50 100 150 200 250

i < S

-2
50 100 150 200 250 50 100 150 200 250

(b)
=

()

(c)
=)

(d)
o

o

(e)
o

Figure 3. This figure demonstrates the shifting process of EMD. The profile (a) is the given signal.The

max

profile (b) shows the local maxima and (c) is the envelope 7, . The envelope ¢, for local

max min

1
minima is in profile (d). The profile (¢) shows the average 7, = 5(1U +¢) and the profile

(f) is the difference v, .
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Figure 4. Each profile on the left column shows the initial signal in each shifting process and their IMFs

are on the right column.

mitial data X, d

SD =d+l1;

while SD>d
find h from X,
SD = sum((h(i)X(1))"2)
X= X-h

end

IMF = X;

Table 1. The algorithm for the shifting process

To avoid overshooting too much on the boundaries. it needs a careful treatment at them
when the shifting process is performed. One way is to impose the boundary values as the

interpolation points to get envelopes as shown in Figure 5(a). On the other hand, for example. to
consider £, we use the existed or the nearest local maximum value as the interpolation point

as shown in Figure 5(b). The latter demonstrates the better performance than the former does.
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Figure 5. A comparison of boundary effects between two different boundary treatments.
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Figure 6. There are four typical types to investigate the performance of AWT and EMD.

Section 3. A comparison between AWT and EMD

To compare the effects, between AWT and EMD, four types of signals are selected,
namely, a one signal sin(10x), a two modal signal sin(10x)+0.25sin(40x), a linear function
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. . . - . X : .
with two modal signal sm(IO.\')+0.2:\sm(40‘\')+‘2~+, and a random signal. For each type of
T

signal, use AWT to get four wavelet planes and use EMD to get four IMFs with local extreme

boundary treatment. The results are shown in Figure 6. The profiles on left and right columns to

each type of signals are effects of AWT and EMD. respectively. Each column comprises
decompositions from finest to coarsest.
By all profiles shown in Figure 6, the observations are summarized as the following.

(i) The one modal signal is the simplest one that every one has to know and easy to observe
the effects. The concept of multiscale decomposition is a good one that applies to two
modal signals. The random signal is accompanied with all kinds of signals.

(ii) EMD is powerful for all types of signals, at least. very effective for types (a) to (c). The
only flaw for IMFs is not completely resolved due to boundary effect.

(iti) The AWT sounds not good in dealing with signal decompositions comparing to EMD. It

even not completely resolves some certain scales.

Section 4. An Application

The structures of central regions of galaxies using AWT was studied extensively. The
results shows that some major spiral arms outside can go all the way into the central regions and
some galaxies have bars in the nuclear center. These results are important for us to understand
the starburst and AGN phenomena. see [6].

Now, we focus our efforts on the studies of methods for astronomical observations. We take

an astronomical image NGC 2903 shown in Figure 7 to compare AWT and EMD.

Figure 7. Galaxy NGC 2903.
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Figure 8. These figures demonstrate the results of AWT (left column) and EMD (right column). The
results shows that the structures decomposed by AWT and EMD are similar.
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To deal with two-dimensional images, the tensor product is used. EMD needs to append
zeros when the IMF does not reach the decomposition level. We observe that the behavior of
EMD and AWT are about the same as shown in Figure 8. The left and right column of Figure 8
shows the effects of AWT and EMD, respectively. The result of EMD is required to be

moderated by grayscale and the clean images should be further studied.

Section 5. Conclusion

We proposed a unified framework of mutiscale decomposition in this article. It was shown
that AWT and EMD are effective to deal with nonstationary data. We applied AWT and EMD on
structure detections of galaxies, their behavior are very similar. Moreover, we provided and
investigated two different boundary treatments for EMD.

From our numerical comparisons, AWT seems to be more suitable in time domain and

EMD sounds more effective in frequency domain.
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